We study the wavelength problem and arc (edge) congestion problem for communicating permutation instances on a ring. We prove the best possible upper bounds on the number of wavelengths and arc (edge) congestion in both directed and undirected cases.
Introduction
Optical networking is a very quickly developing new area of research. It is a key technology in communication networks and it is expected to dominate important applications such as video conferencing, scienti c visualisation, real-time medical imaging, high speed super-computing, distributed computing (covering both local and wide area). Networks which use optical transmission and maintain optical data paths through the nodes are called all-optical networks. All-optical networks exploit photonic technology for the implementation of both switching and transmission functions, so that signals in the networks can be maintained in optical form. This allows much higher transmission rates since there is no overhead due to conversions to and from electronic form during transmission. Such networks use the technology of wavelength-division multiplexing (WDM), where the optical bandwidth is partitioned into a number of channels, and multiple laser beams are propagated concurrently along the same optical bre on distinct light channels (wavelengths). It is evident that the number of wavelengths (the so-called optical bandwidth) is a limiting factor. To study the problem, we adopt the model from 1]. An all-optical network is modelled as a symmetric directed graph G = (V (G); A(G)), where V (G) is a set of vertices, and A(G) is a set of arcs such that if (u; v) 2 A(G) then (v; u) 2 A(G). Let P(x; y) denote a dipath (directed path) in G from the node x to y which consists of consecutive arcs beginning at x and ending at y:
A request is an ordered pair of nodes (x; y) in G corresponding to a message to be sent from x to y, and an instance I is a set of requests. A routing for an instance I in G is a set of dipaths R = fP(x; y)j(x; y) 2 Ig: Let G be a digraph and I an instance. The wavelength problem asks for a routing R for the instance I and an assignment of a wavelength to each request (x; y) 2 I, so that no two dipaths of R sharing an arc have the same wavelength. It is convenient to think of wavelengths as colours. For a given routing R for G, the smallest number of colours is denoted by ? ! w (G; R; I). Let A permutation instance is an instance I 1 in which each node is a source and a destination of at most one request. Let C n be an n-vertex ring. Assume that the nodes are labelled consecutively by 0; 1; 2; :::; n ? 1: In this paper we will study the wavelength problem for permutation instances on the ring C n , i.e., ? ! w (C n ; I 1 ), as well as the related parameter ? ! (C n ; I 1 ). The latter problem is also known as the rearrangeability problem 9]. All the de nitions for the directed case have natural analogues in the undirected case. The undirected model is obtained from the directed one by replacing the two opposite arcs in C n by an edge and omitting arrows in the de nitions of ? ! w and ? ! . This gives rise to two new problems on C n , namely w(C n ; I 1 ) and (C n ; I 1 ). The analogue of the arc congestion in the undirected case is the edge congestion.
Some lower bounds on the numbers of wavelengths required for permutation instances in any network were given in 10]. From the algorithmic point of view, determining ? ! w (C n ; I 1 ) and w(C n ; I 1 ) is NP-hard, which can be shown by a modi cation of the NP-hardness proof of the wavelength problem in a ring for general instances, given in 11]. However polynomial 2-approximation algorithms exist for both prob-lems 11,12,13,14]. Kumar 15 ] demostrated a randomized (1:5 + 1=(2e) + o(1))-approximation algorithm for the wavelength problem. The problems ? ! (C n ; I) and (C n ; I 1 ) are solvable in polynomial time, which follows from the more general results of 16] and 17], respectively. This motivates study of the best possible upper bounds on the above four measures. We show that the following inequalities hold, for ? ! w and w and for ? ! and , for any I 1 permutation request on the n-vertex ring ? ! (C n ; I 1 ) was shown in 14]. Our proof is much shorter.
2 Directed Case As we will study the worst-case behaviour of ? ! w (C n ; I 1 ) and ? ! (C n ; I 1 ); we will restrict ourselves to the permutation instances in which each node is a source and a destination of exactly one request. To show that the bound cannot be improved in general, consider the permutation instance I 1 = f(i; i+b(n?1)=2c mod n); for i = 0; 1; 2; :::; n?1g. If n 5 and n 6 = 6 then, clearly, at most three requests can be coloured by one colour. For n = 6, a simple case analysis shows that two colours are necessary. 2
The next result was rst shown in 14], but the proof was much longer.
Theorem 2 For any n 2 and any permutation instance I 1 ; ? ! (C n ; I 1 ) dn=4e:
Moreover the bound is the best possible for worst-case instances.
Proof. Let I 1 be an arbitrary permutation. For 0 i n ? 1, let d i be the clockwise distance from i to I 1 (i), and let r be the integer such that P n?1 i=0 d i = rn. Note that r < n. We describe how to choose r of the n requests to be routed in the anticlockwise direction, to balance the total numbers of clockwise and anticlockwise arcs of the ring used.
Let the cycles of I 1 partition the set of vertices of C n , f0; : : : ; n ? 1g, into We consider any routing such that the cycles A 1 ; : : : ; A t?1 are routed anticlockwise, A t+1 ; : : : ; A p are routed clockwise, and A t has exactly s anticlockwise routed requests. Furthermore, these s requests form a consecutive sequence such that the average clockwise length of these requests is at least as large as d(A t ), the average for this cycle.
Let X 1 ; X 2 be the sets of starting vertices of requests routed anticlockwise and clockwise respectively, by the routing. We have jX 1 j = r and jX 2 j = n ? r. Similarly as in the directed case, as we will study the worst-case behaviour of w(C n ; I 1 ) and (C n ; I 1 ); we will restrict ourselves to the permutation instances in which each node is shared by exactly two requests for the undirected case.
Theorem 3 For any permutation instance I 1 in the undirected model, w(C n ; I 1 ) l n 2 m for n 4, and w(C n ; I 1 ) = 1 for n = 2; 3.
Proof. Moreover the bound is the best possible for worst-case instances.
Proof. We induct on n. For n = 2; 3; 4, the bound can be easily veri ed by a case analysis. Assume n > 4. For even n, the claim follows from Theorem 3. So we restrict ourselves to odd n. If the permutation instance I 1 has at least two cycles then the claim follows easily from the inductive assumption. Let I 1 contain only one cycle denoted by (a 0 a 1 a 2 :::a n?1 ). We can route the pairs of requests (a i ; a i+1 ) and (a i+1 ; a i+2 ), for i = 0; 2; :::; n ? 3, getting congestion 1 for each pair. Consider the rst j pairs of requests, for any j = 1; 2; :::; bn=2c. The nodes a 0 and a 2j?1 divide C n into two paths. We argue that all the edges of one of the paths have congestion less than j. This is done by an inductive proof over j. The claim is obvious for j = 1. Assume the claim is true for j pairs, i.e., we have routed j pairs with maximal congestion j and with congestion less than j on all edges between a 0 and a 2j?1 (either clockwise or anti-clockwise). Now we add another pair starting at a 2j?1 . We will end at a 2j+1 and we have to convince ourselves that on the path from a 2j+1 to a 0 (clockwise or anti-clockwise) all edges have smaller congestion than j + 1. This is easy to see: there are only two cases (the last request has its \gap" to the left or to the right of a 2j?1 ).
Again, the upper bound is attained by the same permutation instance as in the proof of Theorem 2. 2
